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! S`Q#H2K, aG HBKBi2/ iQ HQ+�HBiv /QK�BMb Q7 bBx2 Mc

hB2`@#�b2/ ai`B+iHv GQ+�H UhaGV :`�KK�`b U>2BMx 2i �HX kyRRV

! S`QD2+iBQM Q7 b2H2+i2/ b2;K2Mib QM � iB2` h
U:QH/bKBi? RNdeV

! ai`B+iHv HQ+�H +QMbi`�BMib Qp2` h /2i2`KBM2
r2HH7Q`K2/M2bb

! lM#QmM/2/ /2T2M/2M+B2b �`2 HQ+�H Qp2` iB2`b

RR
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lM#QmM/2/ .2T2M/2M+B2b �`2 haG
! G2iǶb `2pBbBi a�K�H� aB#BH�Mi >�`KQMv

U9V �X  ?�btBMiBH�r�S

#X  ?�StBMiBH�r�b
+X ?�StBMiBH�r�S

! q?�i /Q r2 M22/ iQ T`QD2+i\ (+bi`B/2Mi)
! q?�i /Q r2 M22/ iQ #�M\ ∗(+�Mi)(−�Mi)-∗(−�Mi)(+�Mi)

AX1X ∗sS- ∗sZ- ∗zS- ∗zZ- ∗Ss- ∗Zs- ∗Sz- ∗Zz

1t�KTH2, haG a�K�H�

∗ 0? � b t B M i B H � r S 0

b S

QF 0? � S t B M i B H � r S 0

S S

Rk



am#`2;mH�` *H�bb2b *`Qbb@62`iBHBx�iBQM �`iB}+B�H :`�KK�` G2�`MBM; *QM+HmbBQM

lM#QmM/2/ .2T2M/2M+B2b �`2 haG
! G2iǶb `2pBbBi a�K�H� aB#BH�Mi >�`KQMv

U9V �X  ?�btBMiBH�r�S

#X  ?�StBMiBH�r�b
+X ?�StBMiBH�r�S

! q?�i /Q r2 M22/ iQ T`QD2+i\ (+bi`B/2Mi)
! q?�i /Q r2 M22/ iQ #�M\ ∗(+�Mi)(−�Mi)-∗(−�Mi)(+�Mi)

AX1X ∗sS- ∗sZ- ∗zS- ∗zZ- ∗Ss- ∗Zs- ∗Sz- ∗Zz

1t�KTH2, haG a�K�H�
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QF 0? � S t B M i B H � r S 0

S S
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AMi2`BK amKK�`v, aG �M/ haG 7Q` S?QMQHQ;v

! GBM;mBbiB+�HHv M�im`�H U:QH/bKBi? RNdeV
! *�Tim`2b rB/2 `�M;2 Q7 T?QMQi�+iB+ /2T2M/2M+B2b

UJ+JmHHBM kyReV
! S`Qp�#Hv +Q``2+i �M/ 2{+B2Mi H2�`MBM; �H;Q`Bi?Kb

UC�`/BM2 �M/ J+JmHHBM kyRdV
! _mH2b Qmi mM�ii2bi2/ T�ii2`Mb

U+7X G�B kyR8- �Fb2MQp� 2i �HX kyRe- :`�7 � .2 a�MiQ kyRN- �XQXV

Rj
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PmiHBM2

R GBM;mBbiB+b �M/ 6Q`K�H G�M;m�;2 h?2Q`v

k _2}MBM; i?2 >B2`�`+?v pB� hvTQHQ;B+�H AMbB;?ib

j �`iB}+B�H :`�KK�` G2�`MBM;

9 amKKBM; lT � 6mim`2 .B`2+iBQMb
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aG �M/ haG, aQ q?�i\
_2;mH�`

a6

Ghh

Gh

aG

Sh

aS

haG

! "mi MQi 2p2`v HQM;@/Bbi�M+2 T�ii2`M Bb haG5
UJ+JmHHBM kyRe- J�v2` � J�DQ` kyR3- .2 a�MiQ � :`�7 kyRNV

R8
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*QM+m``2Mi S`Q+2bb2b U.2 a�MiQ �M/ :`�7- kyRNV

P#b2`p�iBQM
! haG Bb MQi +HQb2/ mM/2`

BMi2`b2+iBQM

_2;mH�`

a6

Ghh

Gh

aG

Sh

aS

haG

! q2 r�Mi iQ �HbQ �++QmMi 7Q` KmHiBTH2 T`Q+2bb2b
aQ r2 +�M +Qp2` i?2 +QKTH2i2 T?QMQi�+iB+b Q7 � H�M;m�;2

! JmHiBTH2 MQM@BMi2`�+iBM; T`Q+2bb2b BM �ii2bi2/ T�ii2`Mb
Re
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� haG PmiHB2`
aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi UJ+JmHHBMkyReV

RV lM/2`HvBM; +�mb�iBp2 T`2}t fbU:V@f
"�b2 *�mb�iBp2

�X m;� b:@m;� Ǵ#2 2p�+m�i2/Ǵ
#X �b:ir� b@�b:ir� Ǵb2iiH2- #2 H2p2HH2/Ǵ

kV aB#BH�Mi ?�`KQMv
"�b2 *�mb�iBp2

�X }�S` S@ }�S` Ǵ#2 7mHH Q7 bi`�r- Q7 /Bb+Q`/Ǵ
#X Mx� x:@Mx� Ǵ#2 bQH/Ǵ

jV aB#BH�Mi pQB+BM; ?�`KQMv #HQ+F2/
"�b2 *�mb�iBp2

�X mFx b:@mFx Ǵ`2+Q;MBx2Ǵ
#X [:mZ:B S@ [mZ:B Ǵ#2 /BbHQ+�i2/- #`QF2MǴ

Rd
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aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM URfkV
aB#BH�Mib Kmbi �;`22 BM �Mi2`BQ`Biv �M/ pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S}
a = { ∗bÿ- ∗bx- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗Sÿ- ∗ÿS- ∗ÿx }

∗ xx K, ÿ / � r H

xx ÿÿ
∗

QF ÿ K, ÿ / � r H

ÿÿ ÿÿ
QF

R3
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x

x

ÿ

ÿ
∗
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QF

R3



am#`2;mH�` *H�bb2b *`Qbb@62`iBHBx�iBQM �`iB}+B�H :`�KK�` G2�`MBM; *QM+HmbBQM

aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM URfkV
aB#BH�Mib Kmbi �;`22 BM �Mi2`BQ`Biv �M/ pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S}
a = { ∗bÿ- ∗bx- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗Sÿ- ∗ÿS- ∗ÿx }

∗ xx K, ÿ / � r H

x

x

ÿ

ÿ
∗

QF ÿ K, ÿ / � r H

ÿÿ ÿÿ
QF

R3



am#`2;mH�` *H�bb2b *`Qbb@62`iBHBx�iBQM �`iB}+B�H :`�KK�` G2�`MBM; *QM+HmbBQM

aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi
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aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM URfkV
aB#BH�Mib Kmbi �;`22 BM �Mi2`BQ`Biv �M/ pQB+BM;X
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x

ÿ
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ÿ
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aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM UkfkV
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S- [}
a = { ∗bÿ- ∗bx- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗Sÿ- ∗ ÿS- ∗ÿx }

QF S [ m ÿ, B

SS [[ ÿ,ÿ,QF
QF

∗ b

b

[ m ÿ,

ÿ,

B

bb [[ ÿ,ÿ,QF
QF

RN
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aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM UkfkV
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S- [}
a = { ∗bÿ- ∗bx- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗Sÿ- ∗ ÿS- ∗ÿx }

QF S [ m ÿ, B

S

S

[

[

ÿ,

ÿ,QF
QF

∗ b

b

[ m ÿ,

ÿ,

B

bb [[ ÿ,ÿ,QF
QF

RN
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aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM UkfkV
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;X

:`�KK�`
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S

S
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b
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b

b

[

[
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oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S- [}
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QF S [ m ÿ, B

S

S

[

[

ÿ,

ÿ,QF
QF

∗ b

b

[ m ÿ,

ÿ,

B

b

b

[

[

ÿ,

ÿ,QF
QF

RN



am#`2;mH�` *H�bb2b *`Qbb@62`iBHBx�iBQM �`iB}+B�H :`�KK�` G2�`MBM; *QM+HmbBQM

aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi

:2M2`�HBx�iBQM UkfkV
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;X

:`�KK�`
h = { ÿ- b- x-S- [}
a = { ∗bÿ- ∗bx- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗Sÿ- ∗ ÿS- ∗ÿx }

QF S [ m ÿ, B

S

S

[

[

ÿ,

ÿ,QF
QF

∗ bb [ m ÿ,ÿ, B

b

b

[

[

ÿ,

ÿ,QF
QF
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JmHiB@hB2` ai`B+iHv GQ+�H UJhaGV G�M;m�;2b URfkV

aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi U_2pBbBi2/V
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;,
! hR = {ÿ- b- x-S- [} aR = {∗bÿ- ∗bx- ∗ÿb- ∗xb- ∗Sx- ∗Sÿ- ∗ÿS}

lM#QmM/2/ �;`22K2Mi BM �Mi2`BQ`Biv,
! hk = {ÿ- b- x-S} ak = {∗bÿ- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗ÿx }

QF S [ m ÿ, B

SS [[ ÿ,ÿ,
hR : bB#BH�Mi pQB+BM;

QF
QFQF

QF
S [ ÿ,

hk : bB#BH�Mi �Mi2`BQ`BivhR : bB#BH�Mi pQB+BM;

SS ÿ,ÿ,QF

ky
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JmHiB@hB2` ai`B+iHv GQ+�H UJhaGV G�M;m�;2b URfkV

aB#BH�Mi >�`KQMv BM AK/H�rM h�b?H?Bvi U_2pBbBi2/V
oQB+2H2bb Q#bi`m2Mib #HQ+F �;`22K2Mi BM pQB+BM;,
! hR = {ÿ- b- x-S- [} aR = {∗bÿ- ∗bx- ∗ÿb- ∗xb- ∗Sx- ∗Sÿ- ∗ÿS}

lM#QmM/2/ �;`22K2Mi BM �Mi2`BQ`Biv,
! hk = {ÿ- b- x-S} ak = {∗bÿ- ∗bS- ∗ÿb-∗Sb- ∗xb- ∗xS- ∗xÿ- ∗Sx- ∗ÿx }

QF S [ m ÿ, B

S

S

[

[

ÿ,

ÿ,

hR : bB#BH�Mi pQB+BM;

QF
QFQF

QF
S [ ÿ,

hk : bB#BH�Mi �Mi2`BQ`BivhR : bB#BH�Mi pQB+BM;

SS ÿ,ÿ,QF

ky
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Figure 3: Comparison of SH and FL stimuli.
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_2KBM/2`,
! JhaGǶb KmHiBTH2@iB2` B/2�XXX

∗ b [ m ÿ, B

QF b [ ÿ,
QF

∗
b ÿ,

hk : bB#BH�Mi �Mi2`BQ`BivhR : bB#BH�Mi pQB+BM;

S [ m ÿ, B

QF
QF

S [ ÿ, QF
S ÿ,

hk : bB#BH�Mi �Mi2`BQ`BivhR : bB#BH�Mi pQB+BM; disjoint contained

intersecting

Figure 2: Theoretically possible tier alphabet relations
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•
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Yakut

of 2 sets with incomparable intersection that can be
obtained from a set with n elements:

3 ⇤ S(n, 3) = 1

2

3X

j=0

(�1)3�j

✓
3

j

◆
j
n (4)

For n = 10, this would give 27990 ways to create
two sets with a non-empty intersection. This number
is 95% more than the previous two combined.

Looking at the numbers of possible ways to parti-
tion a set of n elements, it is easy to notice that the
biggest contribution is always made by the sets with
a non-empty intersection. This fact makes us sus-
pect that the absence of such tier alphabet configu-
ration is due to the limitation on the computational
processes: much less options need to be considered
when such limit is established.

In order to illustrate the growth, consider Figures
6 and 7 below. Figure 6 shows the normal scale
of growth of the amount of partitions. The green
dashed line shows the disjoint partitions, the blue
dotted line represents the partitions with set-subset
relation, and the solid red line is representing ex-
ponentially growing number of incomparable parti-
tions. If the number of elements in the initial set is
larger than 10, the two lowest lines become nearly
indistinguishable, therefore for bigger numbers it is
better to consider the growth on a loglog scale, see
Figure 7.

Figure 6: Growth of number of partitions of sets containing up
to 10 elements (normal scale)

5 Conclusion

In this paper, we studied various harmonic pro-
cesses involving transmission of multiple features,
and used such systems as a litmus test for detecting
possible tier alphabet configurations. We found out
that there are 3 typologically attested cases, namely:
single tier, when both harmonies operate over the
same set of elements, tier containment, where one
harmony operates over the proper subset of items
that are involved in another assimilation, and dis-
joint tiers, where no the items involved in one har-
mony are relevant for the other one. The fourth pos-
sibility, being incomparable tier alphabets, is unat-
tested to the best of our knowledge.

Although it might seem unexpected, in fact this
restriction limits the amount of possible tier config-
urations a lot, as it is shown in Sec. 4. For a set of 10
elements, this limitation excludes 95% of all possi-
ble tier alphabet organizations. With the increasing
number of elements in the set of items relevant for
harmonic processes, this percentage grows as well.

This is just preliminary research about the typol-
ogy of long-distance processes and the math behind
it, and, of course, a lot is still remained unexplored.
For example, here we are investigating harmonic
processes, but these generalization must be checked
on a variety of dissimilation processes, see (Ben-
nett, 2013). Another route will be to investigate the

Figure 7: Growth of number of partitions of sets containing up
to 20 elements (loglog scale)
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lMH2�`M�#H2 S�ii2`Mb
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2X;X hR = {�, #, +}- hk = {�, #, /}- :R = :k = {∗�#}
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�#/m+iBQM Bb `2�bQMBM; 7`QK Q#b2`p�iBQMb (XXX) Ai +QM@
bBbib Q7 irQ bi2Tb, ;2M2`�iBM; +�M/B/�i2 ?vTQi?2b2b U�#@
/m+iBQM T`QT2`V- �M/ b2H2+iBM; i?2 ǳ#2biǴ 2tTH�M�iQ`v QM2
UBM72`2M+2 iQ i?2 #2bi 2tTH�M�iBQMVX

Up�M _QDB � "�;;BQ kyky- T;X NV

9e



am#`2;mH�` *H�bb2b *`Qbb@62`iBHBx�iBQM �`iB}+B�H :`�KK�` G2�`MBM; *QM+HmbBQM

� *QHH�#Q`�iBp2 1Mi2`T`Bb25

6Gh

G2�`M�#BHBiv hvTQHQ;v

9d



h?�MF vQm5



a2H2+i2/ _272`2M+2b A

�TTH2;�i2- _X"X RNdkX AM2b2MQ +?mK�b? ;`�KK�`X .Q+iQ`�H .Bbb2`i�iBQM- lMBp2`bBiv Q7
*�HB7Q`MB�-"2`F2H2vX

�p+m- 1M2b- �M/ �`BH/ >2bipBFX kykyX lMH2�`M�#H2 T?QMQi�+iB+bX :HQbb�, � DQm`M�H Q7
;2M2`�H HBM;mBbiB+b 8X

*?�M/H22- C�M2X kyR9X ai`B+iHv HQ+�H T?QMQHQ;B+�H T`Q+2bb2bX .Q+iQ`�H .Bbb2`i�iBQM-
lMBp2`bBiv Q7 .2H�r�`2X l_G ?iiT,ffm/bT�+2Xm/2HX2/mf?�M/H2fRNdRefRjjd9X

:`�7- h?QK�bX kyRdX h?2 TQr2` Q7 HQ+�HBiv /QK�BMb BM T?QMQHQ;vX S?QMQHQ;v AM T`2bbX
:`�7- h?QK�bX kyR3X q?v KQp2K2Mi +QK2b 7Q` 7`22 QM+2 vQm ?�p2 �/DmM+iBQMX AM

S`Q+22/BM;b Q7 *Ga 8j- 2/X .�MB2H 1/KBbiQM- J�`BM� 1`KQH�2p�- 1K`2 >�F;Ƀ/2`-
C�+FB2 G�B- E�i?`vM JQMi2Km``Q- "`�M/QM _?Q/2b- �K�`� a�MF?�;QrBi- �M/
JB�+?2H h�#�iQrbFB- RRdĜRjeX

>2BMx- C2z`2vX kyRR�X *QKTmi�iBQM�H T?QMQHQ;v ě T�`i A, 6QmM/�iBQMbX G�M;m�;2 �M/
GBM;mBbiB+b *QKT�bb 8,R9yĜR8kX

>2BMx- C2z`2vX kyRR#X *QKTmi�iBQM�H T?QMQHQ;v ě T�`i AA, :`�KK�`b- H2�`MBM;- �M/
i?2 7mim`2X G�M;m�;2 �M/ GBM;mBbiB+b *QKT�bb 8,R8jĜRe3X

>2BMx- C2z`2v- *?2i�M _�r�H- �M/ >2`#2`i :X h�MM2`X kyRRX hB2`@#�b2/ bi`B+iHv HQ+�H
+QMbi`�BMib BM T?QMQHQ;vX AM S`Q+22/BM;b Q7 i?2 9Ni? �MMm�H J22iBM; Q7 i?2
�bbQ+B�iBQM 7Q` *QKTmi�iBQM�H GBM;mBbiB+b- 83Ĝe9X l_G
?iiT,ffrrrX�+Hr2#XQ`;f�Mi?QHQ;vfSRR@kyRRX

http://udspace.udel.edu/handle/19716/13374
http://www.aclweb.org/anthology/P11-2011


a2H2+i2/ _272`2M+2b AA

EQ#2H2- :`2;Q`v JX- *?`BbiB�M _2iQ`û- �M/ avHp�BM a�Hp�iBX kyydX �M
�miQK�i�@i?2Q`2iB+ �TT`Q�+? iQ JBMBK�HBbKX AM JQ/2H h?2Q`2iB+ avMi�t �i Ry- 2/X
C�K2b _Q;2`b �M/ ai2T?�M E2Tb2`- dRĜ3yX

G�B- _2;BM2X kyR8X G2�`M�#H2 pbX mMH2�`M�#H2 ?�`KQMv T�ii2`MbX GBM;mBbiB+ AM[mB`v
9e,9k8Ĝ98RX

G�bx�FQpBib- a�#BM2X kyR3X *�b2 i?2Q`v BM KBMBK�HBbi ;`�KK�`bX AM AMi2`M�iBQM�H
*QM72`2M+2 QM 6Q`K�H :`�KK�`- jdĜeRX aT`BM;2`X

JB+?�2HBb- C2MbX kyy9X P#b2`p�iBQMb QM bi`B+i /2`Bp�iBQM�H KBMBK�HBbKX 1H2+i`QMB+
LQi2b BM h?2Q`2iB+�H *QKTmi2` a+B2M+2 8j,RNkĜkyNX

om- J�B >�- L�xBH� a?�}2B- �M/ h?QK�b :`�7X kyRNX *�b2 �bbB;MK2Mi BM haG bvMi�t,
� +�b2 bim/vX AM S`Q+22/BM;b Q7 i?2 aQ+B2iv 7Q` *QKTmi�iBQM BM GBM;mBbiB+b Ua*BGV
kyRN- 2/X :�D� C�`Qbx- J�t L2HbQM- "`2M/�M PǶ*QMMQ`- �M/ CQ2 S�i2`- kedĜkdeX
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